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Symmetries near a generic charged null surface and associated algebra: An off-shell
analysis
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To understand the underlying degrees of freedom, near horizon symmetry analysis of a black hole
has gain significant interest in the recent past. In this paper we generalized those analysis first by
taking into account a generic null surface carrying U(1) electromagnetic charge. With the appropri-
ate boundary conditions near the surface under study, we identified the symmetry algebra among the
subset of diffeomporphism and gauge generators which preserve the metric of the null surface and
the form of the gauge field configuration. With the knowledge of those symmetries we further de-
rived the algebra among the associated charges considering general Lanczos-Lovelock gravity theory
and gauge theory. Importantly while computing the charges we not only considered general theory,
but also used off-shell formalism which is believed to play crucial role in understanding quantum
gravity. Both the nonextremal and extremal cases are addressed here.
PACS numbers: 04.62.+v, 04.60.-m
I. INTRODUCTION
Symmetries and the corresponding conserved charges
play very important role in understanding the full dy-
namics of a theory. In this respect the theory gravity
(with or without matter), has been one of the important
areas of research for quite a long time mainly because of
its non-linear nature. For a generic diffeomorphism in-
variant gravity theory, the Noether current and charge
are shown to be very important in understanding the
thermodynamic properties of black holes [1]. In this con-
text, one of the important results is the commutator al-
gebra among the charges associated with the asymptotic
symmetries of a spacetime under study due to diffeomor-
phism. In general those lead to Virasoro algebra with a
central charge [2]. This central charge is found to be inti-
mately connected with the entropy of black holes through
well known Cardy formula [3]. Therefore, understanding
the symmetries, specifically under the spacetime depen-
dent transformation, has been central part in gravity for
a long time (see [4]–[18] for some later progress in this
direction).
In these endeavors, one recent study which gains sig-
nificant attention is the exploration of symmetries near
the asymptotic infinity and near the horizon. Asymp-
totic symmetries are such that it preserves the form the
metric near the asymptotic boundary or near the hori-
zon. This analysis has been inspired by the old obser-
vations made by Bondi, Metzner, and Sachs [19]–[22],
in which the central question was to the understand the
gravitational scattering phenomena and its effect near
the asymptotic flat boundary. The symmetry which born
out of their analysis is well known BMS symmetry. This
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forms an infinite dimensional group which is a semidi-
rect product of usual Poincare symmetry and the infinite
dimensional super-translation symmetry transformation.
This idea has been extended to different situations – ei-
ther for gauge fields [23]–[26] or for gravity [27]–[30] (for
a review, see [31]). Therefore, the simplest idea would be
to extend those BMS type analysis near the null horizon
surface of black holes. The general strategy is to impose
the conditions on the variation of the metric coefficients,
expressed in Bondi-Sachs (or Gaussian null) coordinates,
such that under diffeomorphism the near horizon struc-
ture does not change. Calculations have been done, till
now, for a static or stationary horizon (see [32–34] for dif-
ferent cases) which are solutions of Einstein’s equations
of motion.
In this paper our aim is two fold. Firstly we study
asymptotic symmetries and the associated algebra which
keep a generic charged null surface invariant. In this pa-
per we study generic nonextremal and extremal charged
null surface separately. To keep our study even more gen-
eral while calculating various charges and their algebra,
we also consider Lanczos-Lovelock (LL) theory of gravity
in presence of arbitrary U(1) gauge field. This will help
us understanding the properties of charges while incor-
porating the interactions among the fields. Second, we
will do our whole analysis off-shell. By this we mean that
neither the Einstein’s equations of motion nor the gauge
field equation of motion will be used in our final results.
Let us point out that this has not been looked at earlier.
Now the questions are: Why are we interested in this and
what will be achieved?
It has been observed that not only black hole horizon
has thermodynamics interpretation, any generic null sur-
face in gravity theory has this properties [35]. The idea
stems from the equivalence principle-locally an acceler-
ated frame known as Rindler frame can mimic gravity
and hence it can be a good candidate to explore various
properties of gravity. Therefore, an accelerated observer
in flat spacetime background is equivalent to a static ob-
2server in curved spacetime. This stimulates to think the
gravity as an “emergent phenomenon” [36]. Nevertheless
from the above discussions one would tend to think that
understanding the behavior of a generic null surface not
only can provide the desired results of on-shell properties
of the theory under study but also can shed light on the
off-shell behavior which naturally appears in quantum
theory.
Keeping this in mind, we choose a generic null surface
in the presence of gauge fields for our discussion. Impos-
ing the relevant fall-off conditions for the metric coeffi-
cients and gauge fields, which asymptotically preserves
the null structure, we find the associated diffeomorphism
and gauge symmetry transformations. Then the algebra
of the corresponding Fourier modes are obtained. The
charges for the diffeomorphism and gauge symmetries
are computed off-shell. We also computed the associated
symmetry algebra for transformation parameters which
are arbitrary function of null surface coordinates. It is
quite evident that our analysis is completely off-shell not
only by the choice of metric, but also by the derivation of
charges as nowhere the information of equations of mo-
tion has been used. Also our results are valid for any or-
der LL gravity in the presence of U(1) gauge field. Here
we consider both nonextremal and extremal situations.
Hence we demand that our present analysis is much more
general and must reflect the properties of a wide class of
theories.
II. NULL SURFACE: A BRIEF INTRODUCTION
In this section, we shall briefly discuss about the rele-
vant properties of a generic null-hypersurface in an arbi-
trary spacetime dimension. For the description of the null
surface we consider well known Gaussian null coordinate
as (u, r, xA), with A = 2, 3, . . . , d where A corresponds
to the angular coordinates. d is the number of space-
time dimension. The metric in this coordinate system is
expressed as [37, 38],
ds2 = M(u, r, xA)du2 + 2dudr + 2hA(u, r, x
A)dxAdu
+µABdx
AdxB , (1)
where, we assume the null surface to be located at r =
0. The behavior of the metric components near the null
surface are assumed as,
M(u, r, xA) = −2α(u, xA)r +O(r2) ;
hA(u, r, x
A) = −rβA(u, xA) +O(r2) ; (2)
µAB(u, r, x
A) = µ
(0)
AB(u, x
A) + 2µ
(1)
AB(u, x
A)r +O(r2) .
At this point let us point out that the fall off condi-
tion for guu has been chosen for nonextremal null sur-
face. We will discuss extremal case separately at the
end. As has been emphasized in the Introduction, we
will consider most generic null surface with all the met-
ric componentsM,hA, and µAB being functions of all the
spacetime coordinates (u, r, xA). Moreover, we assume
that the null surface is charged under the U(1) gauge
field Aa. Therefore, all the metric components in gen-
eral will also be a function electric and magnetic charges.
For a generic null surface we can define a null vector
and its complimentary null vector ka = (1, 0, 0) and
la = (0,−1, 0) respectively such that gablakb = −1 holds.
For convenience we also mention here the covariant com-
ponents of those two vectors as ka = (−2rα, 1,−rβA),
and la = (−1, 0, 0). We also can see that the r = 0
surface is a null (d − 2) dimensional sphere with an el-
ementary surface area dΣab = −d(d−2)x√µ(kalb − kbla),
where µ is the determinant of the induced metric on null
surface.
For generic charged null surface we also consider the
following fall off conditions for the gauge field near the
surface as,
Au = C
(0) +O(r); Ar = 0; AB = C(0)B (u, xA) +O(r) ,
(3)
where the time component of the gauge field assumes a
constant value C(0) to the leading order in r. The time
component of the gauge field is generally identified as
a scalar potential. Therefore, it must be a constant on
a particular surface. We also chose the following gauge
condition, Ar = 0. The choice of AB needs further ex-
planation. However, for Kerr-Newmann black hole the
condition appears to be true. As has been observed in
[39, 40], a static observe sitting outside the horizon will
express the energy density of the electromagnetic field
as U = Tuu(1/2rα), where Tuu is the outgoing null-null
component of energy-momentum tensor. This compo-
nent must be divergent as one approaches towards the
null horizon r = 0. Therefore it is sufficient to con-
sider Tuu to be finite. Considering the explicit expres-
sion for the electromagnetic energy momentum tensor
one can immediately show that to the leading order in r,
AB ≈ C(0)B (u, xA). The detailed discussion on this issue
is given in Appendix A.
As emphasized before we study the near horizon sym-
metries of a generic charged null surface. Therefore,
it generalizes a special class of null metric that can
be obtained from the near horizon expansion of Kerr-
Newmann black hole which is stationary (the procedure
can be followed from [41]). Here we are considering the
case with all the metric coefficients to be depending on all
spacetime coordinates. Moreover, the null metric eq.(1)
is not a solution of Einstein’s equations of motion. There-
fore our analysis will be much more general and covers a
wide class of spacetimes. In that respect the present one
differs from the analysis given in [32, 34].
III. SYMMETRIES NEAR THE NULL SURFACE
In order the understand the symmetry properties near
a surface, the general approach is to define the appropri-
ate fall-off conditions for the metric coefficients and the
3gauge field components. The appropriate fall-off condi-
tions are such that it keeps all the gauge choices intact
and remaining components of the metric and the gauge
field assume the same form near the null surface r = 0
after the symmetry transformations. For the present pur-
pose we will simultaneously consider the symmetries un-
der diffeomorphism and U(1) gauge transformations. Af-
ter the transformation we solve for the aforementioned
boundary conditions and identify the appropriate gener-
ators and their algebraic properties.
Let us first concentrate on the boundary condition of
metric coefficients. These boundary conditions can be
divided into two categories. One category is related to
the gauge fixing conditions which we call “strong” ones,
£ζgrr = 0; £ζgur = 0; £ζgAr = 0 , (4)
while remaining conditions are the “weak” ones, and
those are
£ζguu ≈ O(r); £ζguA ≈ O(r); £ζgAB ≈ O(1) . (5)
In the above £ζ denotes the Lie derivative along the vec-
tor ζa corresponding to the diffeomorphism xa → xa+ζa.
These strong conditions says that the metric components
which are zero or constant, must remain unaltered after
the diffeomorphism and the weak conditions come from
the leading order behavior of the metric coefficients α,
hA, µAB. Now as emphasized earlier, we also need to
consider the behavior of the gauge field. The combined
symmetry transformation of gauge and diffeomorphism
will lead to the following transformation for the gauge
field Aµ and satisfy,
δAr = £ζAr + ∂rǫ = 0 , (6)
while the other components must satisfy,
£ζAu + ∂uǫ ≈ O(1); £ζAB + ∂Bǫ ≈ O(1) . (7)
In the above ǫ is the U(1) gauge transformation param-
eter. Our aim now is to find out the diffeomorphism
vector ζa and the gauge parameter ǫ which satisfy the
above imposed conditions. This can be done in the fol-
lowing way. First we solve the strong conditions (4) to
find different components of ζa and then we impose the
weak conditions (5) on aforementioned solutions. From
Eq.(4) we find
ζu = F (u, xA) ;
ζr = T (u, xA)− r∂uF − ∂BF
∫
rβBdr ;
ζA = −∂BF
∫
µABdr +RA(u, xA) , (8)
where F , T and RA are the integration constants which
are unknown at this moment (for a schematic derivation,
please see Appendix B). The weak conditions for the met-
ric component guu, guA, Eq.(5) give us the following con-
straint on the diffeomorphism parameters derived in Eq.
(8):
∂uT − α(u, xA)T = 0 ; (9)
∂AT − T (u, xA)βA(u, xA) + µ(0)AB∂uRB = 0 .
The fall-of condition on gAB does not give any new
condition (see Appendix B). Our goal is to understand
the symmetry properties of the null surface located at
r = 0. Therefore, any transformation which changes
the position of the null surface should vanish as we ap-
proach toward the null surface. This implies the vanish-
ing T (u, xA) from Eq.(8). Therefore, with the condition
T = 0, we just mentioned, all the constraint Eqs.(10)
will automatically be satisfied provided rotation parame-
ter RA being independent of u. In a similar manner, the
Eq.(6) solves for gauge parameter ǫ. To find ǫ one has
to use the components of ζa which have been found out
by the conditions on gab. Finally one finds the relevant
parameters as
ζu = F (u, xA) ;
ζr = −r∂uF − ∂BF
∫
rβBdr ;
ζA = −∂BF
∫
µABdr +RA(xA) ;
ǫ = E(u, xA) +
∫
r
dr[AB(∂CF )µ
BC ] . (10)
Here E is an another integration constant. The above
expressions are the symmetry parameters which keep the
null surface structure invariant near r = 0.
IV. ALGEBRA OF THE SYMMETRY
PARAMETERS
We are now interested to explore the algebra of the
Fourier modes of the symmetry parameters very near to
the null surface. In this case the nonvanishing parameters
of our importance are
ζu = F (u, xA); ζAq = RAq (xAq ) ;
ǫ = E(u, xA) . (11)
For our subsequent computation, we assume that RAq
are function of associated angular coordinate xAq . For
example ζθ = Rθ(θ), ζφ = Rφ(φ), etc. xAq is the qth
angular coordinate. The Fourier modes of F , RA, E are
expressed as,
ζum,n = F(m,n) =
1
a
e
i(mau+
∑
Aq
n xAq )
;
ζ
Aq
k = R
Aq
k (x
Aq ) = eik x
Aq
;
E(j,l) = e
i(jau+
∑
Aq
l xAq )
, (12)
where,m,n, k, j and l are both positive and negative inte-
gers. a is a constant having dimension of inverse length.
4Hence the periodicity of the coordinate u is taken to be
2π/a. The associated symmetry algebra of the aforemen-
tioned Fourier modes will be coming from the algebra
satisfied by the various components of diffeomorphism
vector ξa and the gauge parameter ǫ. The modified Lie
bracket among those parameters are given by [27],
[ζ1, ζ2]M = [ζ1, ζ2]− δgζ1ζ2 − δ
g
ζ2
ζ1 , (13)
where,
[ζ1, ζ2]
x = ζa1 ∂aζ
x
2 − ζa2∂aζx1 . (14)
Here δgζ1ζ2 denotes the variation in ζ2 under the variation
of the metric induced by ζ1; i.e. due to δ
g
ζ1
gab = £ζ1gab.
However, from our analysis the components of the dif-
feomorphism vector ζa turned out to be independent of
metric component as one approaches towards the null
surface. So we can use only Lie bracket shown in Eq.(14),
instead of the modified version of it. Hence, the required
symmetry algebra are constructed as follows,
i
[
R
Aq
k , Fm,n
]
= −n F(m,n+k)
i
[
RAqm , R
A′q
n
]
= (m− n) RAq(m+n) δq,q′
i
[
Fm,n, Fp,q
]
= (m− p) F(m+p,n+q) (15)
i
[
Fm,n, Ej,l
]
= −j E(m+j,n+l)
i
[
RAqm , Ej,l
]
= −l E(j,m+l)[
Ej,l, Em,n
]
= 0 .
Here it is clear that superroration vectors (R
Aq
n ) are com-
mutative for different angular variables. This is in sharp
contrast with the usual rotation algebra. Moreover su-
pertranslation vector Fm,n is noncommutative with it-
self. This happens because of supertranslation generator
F being a function of both space and time coordinate.
In this sense, our analysis is the generalization of studies
reported in [32]. In the subsequent section we will calcu-
late various charges and their associated algebra corre-
sponding to the diffeomorphism and U(1) gauge symme-
try transformations which keep our generic charged null
surface invariant.
V. CHARGE AND ITS ALGEBRA: AN
OFF-SHELL ANALYSIS
In this section our aim is to find the algebra among the
Fourier modes of the charges corresponding to the afore-
mentioned diffeomorphism vector and gauge parameter.
For both the cases we shall first identify the most general
expression for the Noether charges corresponding to gen-
eral two derivative LL gravity in presence of matter and
general U(1) gauge invariant theories. The general action
for gravity and minimally coupled U(1) gauge invariant
theory is taken to be,
L =
∫
ddx
√−g
(
L(gab, R
a
bcd)
16πG
+ f(Fab)
)
, (16)
where L(gab, R
a
bcd) corresponds to a general LL gravity
theory. f(Fab) is a generic scalar function in terms of
U(1) field strength tensor Fab = ∇aAb − ∇bAa. For
instance, in case of U(1) Yang-Mills theory, it is given by
f = (1/16π)FabFab.
In this case, the charge due to both the diffeomorphism
and gauge symmetries is given by Qtot = Q[ξ] + Q[ǫ],
where first term is the contribution originating from the
gravity while the other one is the matter part. Let us
first concentrate on the gravity part. For LL gravity, one
obtains [6, 42]
Q[ζ] =
1
2
∫
H
dΣabJ
ab , (17)
where
Jab =
1
8πG
P abcd∇cζd , (18)
with Pabcd = ∂L/∂R
abcd. For the sake of generality we
considered the above charge to be off-shell in the sense
that one does not need to use the Einstein’s equation
of motion to derive this. This is very important for our
purpose as we emphasized earlier that the generic null
metric Eq.(1) under our present study does not need to
be a solution of Einstein’s equations of motion. Hence
the algebra will of off-shell in nature.
Since our charged null surface is locate at r = 0,
the surface integral will survive only for dΣur com-
ponent. Therefore, the expression of diffeomorphism
charges comes out to be,
Q[ζ] =
1
8πG
∫
H
dΣurP
urcd∇cζd . (19)
Using the symmetric properties of P abcd the above ex-
pression can be expanded as
Q[ζ] =
1
8πG
∫
H
dΣur[P
urur(∂uζr − ∂rζu) + PuruA
(∂uζA − ∂Aζu) + PurrA(∂rζA − ∂Aζr)
+
1
2
PurAB(∂AζB − ∂BζA)] . (20)
In the next step, we lowered the last two indices of P abcd
so that it gives a nonzero finite value near the null surface.
Finally using the explicit expression for the symmetry
transformation parameter Eq.(10) and then taking the
limit r = 0 we found,
Q[F,RAq ] = − 1
8πG
∫
H
d(d−2)x
√
µ
[
Purru(2αF + 2∂uF
+βAR
A)− PuruBµAB∂AF + PurrBµBC(∂uµAC)RA +
PurEFµ
ECµFD
(
∂C(µDAR
A)− ∂D(µCARA)
)]
. (21)
In terms of Fourier modes of the symmetry parameters
(ζa, ǫ) as shown Eqs.(12), the associated charges can be
5written as ,
Q[Fm,n] = − 1
8πG
∫
H
d(d−2)x
√
µ[Purru(2αFm,n +
2∂uFm,n)− PuruBµAB∂AFm,n] , (22)
and
Q[R
Aq
k ] = −
1
8πG
∫
H
d(d−2)x
√
µ[PurruβAR
Aq
k + P
ur
rBµ
BC
(∂uµAC)R
Aq + PurEFµ
ECµFD[∂C(µDAR
Aq
k )
−∂D(µCARAqk )]] . (23)
In a similar manner we will calculate the charge associ-
ated with the U(1) gauge transformation. As has already
been pointed out, our goal is to compute the charge for a
general nonlinear U(1) invariant Lagrangian. One such
well known theory is called Born-Infeld electrodynamics
with f(Fab) = λ2(−1 +
√
1 + FabFab/(8πλ2)). Where λ
is the Born-Infeld parameter. Clearly for large λ limit one
gets back the usual U(1) electromagnetic theory. Goal is
to keep our discussions as general as possible, therefore,
we will not consider any specific form of f(Fab). The
Noether current due to gauge symmetry is given by
Ja = ∇b(fabǫ) , (24)
where ǫ is the gauge parameter. An off-shell derivation
of this current is presented in Appendix C. Using Stoke’s
theorem and considering only the null boundary locate
at r = 0, one obtains the associated charge on the null
surface as
Q[ǫ] =
∫
H
dΣabf
abǫ (25)
where, fab = ∂f(F)/∂Fab. This charge is also defined
off-shell as no condition of the equation of motion has
been imposed in the derivation. The Fourier modes of
the U(1) gauge charge turns out to be
Q[Em,n] =
∫
H
2d(d−2)x
√
µfurEm,n . (26)
We have all the three different types of charges
for a generic charged null surface. Out of those
(Q[Fm,n], Q[R
Aq
k ]) are identified as the super-translation
and super-rotation charges respectively. The associated
symmetry transformations are responsible for connect-
ing the two distinct null surfaces with different values
of their characteristic data. Similarly we call Q[Em,n]
as the super-gauge charge. Hence, associated symmetry
transformation will change the electromagnetic charge of
the null surface. In the solution space of the full Einstein
equation, such as black hole spacetime, those conserved
charges indicate the existence of soft hair near the hori-
zon of the black hole. This has a potential to solve the so
called information loss paradox of black holes (for recent
discussion see [43, 44]).
Using the fundamental Lie bracket among the gauge
parameters [Q[ζm], Q[ζn]] = £ζmQ[ζn], the Lie bracket
algebra among the various charges can be expressed as,
i
[
Q[R
Aq
k ], Q[Fm,n]
]
= −n Q[Fm,n+k]
i
[
Q[RAqm ], Q[R
A′q
n ]
]
= (m− n)δq,q′ Q[RAq(m+n)]
i
[
Q[Fm,n], Q[Fp,q]
]
= (m− p)Q[Fm+p,n+q]
i
[
Q[Fm,n], Q[Ej,l]
]
= −jQ[E(m+j,n+l)]
i
[
Q[RAqm ], Q[Ej,l]
]
= −lQ[E(j,m+l)][
Q[Ej,l], Q[Em,n]
]
= 0 . (27)
It is clear from the above Eqs.(27) that the symmetry
bracket among the charges are isomorphic to that among
diffeomorphism vectors. Here the gauge symmetry and
the diffeomorphism symmetry together form a closed al-
gebra is in sharp contrast with the usual transformation.
The implication of this could be interesting to explore
further.
At this point let us again emphasize the fact that our
analysis does not depend upon the equation of motion of
the fields under consideration. We started with a general
charged null surface which is not a solution of Einstein’s
equation of motion. After this we follow the usual asymp-
totic symmetry analysis with a physically motivated fall
of conditions of all the field under study near the surface.
Associated with those symmetries we constructed con-
served charges without taking into account the equation
motion. Therefore, our off-shell approach not only helps
us to understand the symmetry properties of a generic
null surface but also be applies to the on-shell solution.
therefore, it is much more general than the earlier anal-
ysis [27–30, 32].
Before we complete our analysis, we show that the
same algebra can also be obtained from the Noether
charge corresponding to the surface term of the gravi-
tational action. For simplicity, we will only consider the
usual Einstein-Hilbert action and its associated bound-
ary term called Gibbons-Hawking-York (GHY) surface
term. The idea is the following. It is well known that
the GHY term itself, calculated on the horizon, leads to
horizon entropy. Moreover, its Noether charge plays the
same role (see Sec. 2 of [45] for a detail discussion). The
reason behind this is that both the terms will coincide
on the null surface. Since we did not find such discussion
in the literature, in Appendix D we show this similarity
explicitly for a static spacetime.
The conserved Noether current for GHY term is given
by [7],
Ja[ζ] = ∇b Jab[ζ] = 1
8πG
∇b (KζaN b −KζbNa) , (28)
where Na is the unit normal to the boundary ∂V of a
region of spacetime V . K = −∇aNa is the trace of the
extrinsic curvature of this boundary surface and Jab is the
Noether potential associated with diffeomorphism sym-
metry of the theory. Now since both the Noether charges
6of the Einstein-Hilbert action and GHY term leads to en-
tropy when calculated on the horizon, we expect that the
GHY Noether charge also lead to same algebra (27) for
the parameters (10) obtained here. For the given null sur-
face (1) only relevant surface element is dΣur = d
(d−2)x.
The unit spacelike normal vector Na on r = constant
surface comes out as Na = (0, (r
2βAβ
A + 2rα)−1/2, 0)
and so the contravariant components are as follows:
Na =
(
(r2βAβ
A + 2rα)−1/2,
√
r2βAβA + 2rα,
(rβA/
√
r2βAβA + 2rα)
)
. (29)
Therefore, the trace of the extrinsic is calculated to be
K = −(1/√µ) [∂a(√µ)Na + (√µ) ∂aNa]
= [
1
2
µAB[(∂uµAB)(r
2βAβ
A + 2rα)−1/2 + (∂rµAB)√
r2βAβA + 2rα+ (∂CµAB)(rβ
C/
√
r2βAβA + 2rα)]
−∂u(r2βAβA + 2rα)−1/2 − ∂r[
√
r2βAβA + 2rα]
−∂A[rβA/
√
r2βAβA + 2rα]] . (30)
Substituting all the relevant quantities in the charge ex-
pression for the parameters (11) one obtains
Q[F,RAq ] =
1
16πG
∫
H
d(d−2)x
√
µ[2αF + ∂uF + βAR
Aq ]
(31)
which is the similar expression obtained earlier from the
usual Noether charge [see Eqn. (21)] with the value of
P abcd for GR). Therefore it is obvious that this will also
lead to the algebra (27). This further indicates that the
surface term of gravitational action carries the informa-
tion of the bulk theory (for more to this direction, see
[45] and the references therein).
VI. NULL SURFACE: EXTREMAL CASE
As has been mentioned before, in this section we study
symmetry algebra for a generic charged extremal null
surface which is define as a zero temperature limit of
a nonextremal null surface considered so far. In this case
also we will perform the off-shell symmetry analysis for
a generic gravity and U(1) gauge invariant theory. The
neighborhood of an extremal null surface is parametrized
by Gaussian null coordinate as:
ds2 = − r2α(u, r, xA)du2 + 2dudr (32)
− 2rβA(u, r, xA)dudxA + µAB(u, r, xA)dxAdxB ,
The extremality condition which is equivalent to zero
temperature limit, is manifested into the fall off condition
of guu ∼ O(r2) as one approaches towards the surface at
r = 0. Considering the following scale transformation
r′ = λr and u′ = u/λ, the metric near the extremal null
surface is approached by taking λ→ 0 ;
ds2 = −r2α(u, xA)du2 + 2dudr − 2rβA(u, xA)dudxA
+µAB(u, x
A)dxAdxB . (33)
As one can observe the behavior of the remaining metric
components α, βA, and µAB are same as non-extremal
surface defined in Eq.(3). The extremality condition on
the metric does not have any effect on the gauge field Aµ
configuration near the surface Eq.(3). Therefore, given
the metric and the gauge field configurations in the ex-
tremal null background, we will carry out the same anal-
ysis as before with the following modified fall off condi-
tions,
£ζguu ≈ O(r2); £ζguA ≈ O(r); £ζgAB ≈ O(1) . (34)
As emphasized, all the remaining conditions remain the
same. Therefore, the diffeomorphism parameters derived
in Eq.(8) have to satisfy the modified constraint relations
as follows,
∂uT = 0 ;
T (u, xA)α+ ∂2uF + hA∂uR
A = 0 ; (35)
∂AT − T (u, xA)βA(u, xA) + µ(0)AB∂uRB = 0 .
As stated earlier, radial component of the diffeomorphism
vector T must be zero near the surface. Therefore, all the
constraint Eqs.(35) will automatically be satisfied if we
consider,
∂uR
A(u, xA) = 0 ; ∂2uF (u, x
A) = 0 ; . (36)
Hence, RA will be independent of u coordinate. The
general solution of F (u, xA) can be written as,
F (u, xA) = M(xA)u+N(xA) ; (37)
We have two independent arbitrary functions
(M(xA), N(xA)), in the time diffeomoprphism symme-
try. In order to have regularity of the metric at r = 0,
an observer very near the surface must periodically
identify u → u + β, such that β plays the role of
inverse temperature. The same periodic identification
for the aforementioned time diffeomorphism parameter
F (u, xA) = F (u + β, xA) will automatically fix one of
the arbitrary functions M(xA) to be zero. Therefore, F
becomes independent of u, which is in sharp contrast
with the nonextremal case described earlier. Therefore,
for extremal null surface, the asymptotic symmetry
generators are-
ζu = F (xA) ;
ζr = −r∂uF − ∂BF
∫
rβBdr ;
ζA = −∂BF
∫
µABdr +RA(xA) ;
ǫ = E(u, xA) +
∫
r
dr[AB(∂CF )µ
BC ] . (38)
Following the same procedure as has been discussed for
nonextremal null surface, the associated symmetry alge-
bra will take the following form,
i
[
R
Aq
k , Fn
]
= −n F(n+k)
i
[
Fm, Fn
]
= 0
i
[
Fn, Ej,l
]
= −j E(j,n+l) (39)
7Henceforth we observe that for the extremal null surface,
the supertranlation vector field F commutes with itself
which was noncommutative for nonextremal case (15).
Similarly algebra between charges will change only for
those associated with supertranslation charges Q[Fn] as,
i
[
Q[R
Aq
k ], Q[Fn]
]
= −n Q[F(n+k)]
i
[
Q[Fm], Q[Fn]
]
= 0
i
[
Q[Fn], Q[Ej,l]
]
= −jQ[E(n+l)] (40)
Here also brackets among charges are isomorphic to that
among the vector fields. Other results from (27)remain
exactly same as before. It would very interesting to un-
derstand the physical interpretation of this difference in
symmetry algebra for two different null surfaces. How
the zero temperature limit plays the role in determining
the symmetry could be an interesting point to study.
VII. CONCLUSIONS
One of the main goals of our present analysis was to
understand the symmetry properties of a generic null sur-
face defined in gravity theory minimally coupled with the
electromagnetic gauge theory. As we have emphasized
throughout our analysis, we have done two important
generalizations of the existing analysis. In one direction
we have considered the most general U(1) invariant elec-
tromagnetic theory minimally coupled with a gravity the-
ory at any arbitrary order in LL gravity. On the other
hand, in our derivation of symmetry algebra among the
charges we make use of the off-shell formalism, where
we have not considered any equation of motions. There-
fore, our study can automatically gives the near horizon
symmetry of any black hole of the theory under consid-
eration. The analysis has also been extended to extremal
null surface. As has been pointed out in the recent papers
[43, 44], in the black hole background those near hori-
zon symmetries are spontaneously broken. Therefore, in
quantum theory those symmetry breaking will lead to
the associated Goldstone modes which will behave as soft
hairs. This may play important role in solving the black
hole information loss paradox.
Nonetheless, we found the near horizon symmetries
which can be categorized as supertranslation and super-
rotation acting on the null surface under study. As dis-
cussed those transformations asymptotically preserve the
structure of the null structure in the presence of gauge
charge. Finally the algebra of the corresponding charges
on the null surface have been computed. Our algebra
for the parameters and the charges are different from the
earlier ones. This difference is due to the fact that in
general the super translational parameter can be func-
tion of null coordinate (u) and we have considered this
situation. Whereas, the earlier ones did not take into
account this. Therefore, our analysis takes care of most
general situation in all respect. Hope this will illuminate
more this paradigm.
Note added. Recently, a paper [46] has been appeared in
arXiv which deals the near horizon symmetries and as-
sociated algebra of the charges for a Kerr-Newman black
hole. Our analysis is much more general as we consid-
ered here the charge for the any order LL gavity theory in
presence of gauge fields with in general represented by the
action which is any function of field strength. Moreover,
the present one analyzed for any generic null surface, not
restricted to stationary horizon. In addition, it is an off-
shell analysis in all respect. Therefore our paper presents
results which is much more general by nature.
Acknowledgment: One of the authors (M.M.)
thanks Krishnakanta Bhattacharya for several useful dis-
cussions during the execution of the project.
Appendix A: Why is the angular component of
gauge field AB ≈ O(1) near the null surface?
Here we are considering the static observer very near
to the null surface r = 0. It has been pointed out in the
main text that for such an observer the energy density
U = Tabu
aub diverges, where ua is the four velocity. Now
for the given metric, ua is given by ua = (1/2rα, 0, 0), as
uaua = −1. Therefore energy density turns out to be
U =
Tuu
2rα
. (A1)
In order for U to be divergent, Tuu should be finite as we
approach toward r = 0. Hence Tuu is r independent.
Now near the null surface the U(1) electromagnetic
gauge field energy-momentum tensor will take,
lim
r→0
Tuu = lim
r→0
Fuc Fcu −
1
4
guuFcdFcd
= µAB(∂uAA)(∂uAB) . (A2)
Therefore, in order for Tuu to be finite, AB ≈ O(1).
Appendix B: Derivation of diffeomorphism and
gauge parameters
1. Diffeomorphism vectors (8)
The first equation of (4) implies that
2gur ∂rζ
u = 0 , (B1)
which immediately implies the form of ζu given in (8).
Using this in the last condition of (4) one finds
µAB ∂rζ
B + ∂AF = 0 . (B2)
Solution of which leads to ζA. Finally, use of these com-
ponents in the second condition of (4) yields
∂rζ
r + rβA∂AF + ∂uF = 0 , (B3)
whose solution is the radial component of ζa.
82. Equations in (10)
Putting the components of ζa from (8) in the first con-
dition of (5), we get near null surface as,
£ζguu = ∂uT (u, x
A)− α(u, xA)T (u, xA). (B4)
In the above expression we have written down the leading
order term. Now given the fall off condition £ζguu =
O(r) as shown in Eq.(B4), the right-hand side of the
above equation must vanished as it is O(1) in r. Similarly
near r = 0, variation of the other metric components read
£ζguA = ∂AT (u, x
A)− T (u, xA)βA(u, xA)+
µ
(0)
AB∂uR
B(u, xA) , (B5)
which must vanish according to £ζguA ≈ O(r). This
yields the other equation in (10). With these one can
verify that the remaining conditions of Eq.(5) are au-
tomatically satisfied as one approaches toward the null
surface. The variation of gAB
£ζgAB = F∂uµ
(0)
AB + Tµ
(1)
AB +R
E(u, xE)]∂Eµ
(0)
AB+
µ
(0)
AD ∂BR
D(u, xD) ,
(B6)
does not give us any new constraints as it is already
matching with assumed fall off condition £ζgAB = O(1).
3. Derivation of gauge parameter ǫ
Using the derived forms of ζa, the condition (6) leads
to
AB[−∂CF µBC ] + ∂rǫ = 0 (B7)
whose solution yields the expression of gauge parameter
ǫ given in Eq. (10).
The other conditions do not give any new constraints
as they are now automatically satisfied. For instance one
obtains near the null surface
£ζAu + ∂uǫ = C0 ∂uF +AB∂uR
A + ∂uE(u, x
A) ,(B8)
and
£ζAB + ∂uǫ = F∂uAB +R
C∂CAB + (∂BF )C0 +
AC∂BR
C + ∂BE(u, x
A) ,(B9)
which are O(1).
Appendix C: An off-shell derivation of gauge current
The variation of the matter action (16) for an arbitrary
change in field Aa → Aa + δAa is given by
δLem =
∫
ddx
√−g
[ ∂f
∂Aa
δAa +
∂f
∂(∇aAb)δ(∇aAb)
]
.
(C1)
Now since f is function of Fab only, the first term will
vanish. Denoting ∂f/∂Fab = f
ab, we find
δLem =
∫
ddx
√−gfmnδ(∇mAn −∇nAm)
= 2
∫
ddx
√−gfmn∇mδAn . (C2)
Now if this variation is due to the gauge transformation
Aa → Aa +∇aǫ, then the above equation reduces to
δLem = 2
∫
ddx
√−gfmn∇m∇nǫ . (C3)
Since fmn is an antisymmetric tensor, the above equation
can be expressed as a total derivative without using the
equation of motion. The steps are as follows:
δLem = 2
∫
ddx
√−g
[
∇m(fmn∇nǫ)− (∇mfmn)(∇nǫ)
]
= 2
∫
ddx
√−g
[
∇m
{
∇n(fmnǫ)− ǫ∇nfmn
}
−(∇mfmn)(∇nǫ)
]
= 2
∫
ddx
√−g
[
∇m∇n(fmnǫ)− (∇mǫ)(∇nfmn)
−ǫ∇m∇nfmn − (∇mfmn)(∇nǫ)
]
. (C4)
The third term vanishes as fmn is antisymmetric ten-
sor while the second and last terms cancel each other.
Therefore we are left with
δLem = 2
∫
ddx
√−g∇m∇n(fmnǫ) = 2
∫
ddx
√−g∇mJm
(C5)
Now since the action has this gauge symmetry, its vari-
ation must vanish and hence we identify the conserved
current as given in eq. (24).
Appendix D: Surface terms and corresponding
Noether charge are same on horizon
The entropy of the horizon is identified as
S =
2π
κ
1
2
∫
dΣabJ
ab
=
1
16πG
∫
dtdd−2x
√
µ(NaTb −NbTa)Jab , (D1)
where the periodicity of the Euclidean time has been
adopted in the last step. For horizon Na is the spacelike
unit normal; i.e. N2 = +1 while T a is the unit timelike
normal: T 2 = −1. µ is the determinant of the horizon
induced metric. Next substituting the value of Jab from
(28) and using the fact that ζa is the timelike Killing
vector, we find
S =
1
8πG
∫
dd−1x
√
µK(−Taζa) = 1
8πG
∫
dd−1x
√
hK ,
(D2)
9where h is the determinant of the induced metric on the
radial coordinate constant surface which is timelike. This
clearly shows that the two quantities, one is the GHY
term and other one is the corresponding Noether charge
multiplied by the periodicity of the Euclidean time, are
same on the horizon. This is why both of them give the
same quantity – entropy of the horizon.
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